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time #* characteristic of the statistical passage time of the coherent
event minus the rise time of the pulse (which can be neglected at
the high Reynolds numbers), a minimum value of the skin-friction
coefficient was estimated * (assumingthe ideal case where the shear
decays lasts until the next pulse occurred). The computed minimum
valuesof ¢ /. i, for the zero-pressure-gradient flow are also shown on
Fig. 4. The second-ordersimilarity impulse flow solution’ includes
a term ¢, U’/t added to the 1/,/f term. For an adverse pressure
gradient, U’ (derivative of the velocity with respectto x) is negative,
and so the decay of the surface shear stress will be faster than that
for zero-pressure-gradent flow.

The statistical time 7* between the large pulses have been mea-
sured for zero-, favorable-, and adverse-pressure-gradient flows. >
Empirical relations to estimate ¢* are listed next.

Zero pressure gradient*:

T* = U,\/t*/v =27+ 673R, @)
General pressure gradient:
C f,mean
J(H, Ry)
(note that the constants0.170 and 5110 were inadvertently given as
170 and 5.110 x 1073 in Ref. 2), where

=0.170 + 5110(log T*)~'° (3)

f(H, Ry) = S[1.96 x 107* +8.96 x 103 H ™

245%x 107 —(laRy — 14)?
exp
R, 7.39

S§=267T—H+

Sisanempiricalseparationcriterion, whichis zero when ¢  mean = 0.
The relatons apply for canonical, incompressible, turbulent bound-
ary layers. The lower limit is determined by the laminar-turbulent
transition. The upper limit is not known; it appears to apply* for
Ry >2x10°. An empirical skin-friction relation, which also can
predict € s yean less than zero:

Crmen = SLOTH ) (R;®T — 0.151R; ™ +9.9 x 107*)  (4)

can be used to determine 7* in terms of the mean velocity profile
parameters. Modeling of the flow over the time ¢* including both the
large pulses and the smaller events, such as the streamwise vorticity
predicted by large eddy simulation, should lead to a prediction of

C f,mean -

IV. Conclusions

Large, time-dependent, surface-shear-stresspulses dominate the
surface shear stress for low-Reynolds-number flows, which is the
region where most computer modeling studies apply. At higher
Reynolds numbers the time between pulses becomes progressively
longer, which reduces their contribution to the mean surface shear
stress.

The large pulses persist into the adverse pressure regions leading
to intermittent separation. The minimum surface shear stress in the
turbulent boundary layers appears to be limited by simple viscous
decay. The timescale between pulses is a characteristictime related
to the production of the surface shear stress in turbulent boundary
layers.
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Influence of the Wall Condition on k-w
Turbulence Model Predictions

Frédéric Thivet,* Mirna Daouk,” and Doyle D. Knight*
Rutgers University, Piscataway, New Jersey 08854

Introduction

S compared with other two-equation formulations, the k-w

turbulence model' seems easier to implement in a numeri-
cally robust manner because it does not use any damping function
near the walls. However, this formal simplicity is counterbalanced
by a high sensitivity of the solutions to the boundary conditions
(BC) applied to solve the equations. The sensitivity of the k-w
model to the freestream values of the turbulent quantities is now
a well-documented problem,>? which is solved by using two-layer
k-€/k-w formulations* for instance. With the wall condition for
the turbulentkinetic energy being straightforward(k,, = 0), the only
questionable BC is the wall condition for w, which is theoretically
infinite at a perfectly smooth wall. Wilcox!* proposes to enforce
the asymptotic behavior of w (Byw ~ 6v,,/y*, where By =0.09, y
is the normal distance to the wall, and v,, is the molecular vis-
cosity at the wall) on five to seven points above the wall and under
y* =2.5 [hereafter, the superscript+ denotes scaled lengthsin wall
units: y* = yu, /v, with uf =, (U/dy), and U is the velocityin
the freestream direction]. This very stringent condition, namely the
smooth-wall BC for w, is generally much too expensive to observe
in three-dimensionalNavier-Stokes computations, so that the alter-
native is usually to apply the rough-wall BC'-3:

w, =Nv, [k with N =2500 €8]
where k; is the surface-roughness height. Physically, the flow is
insensitive to the roughness height when below five wall units.?
With such a value the rough-wall condition is expected to be hydro-
dynamically smooth.!3 It is the purpose of this Note to clarify the
behaviorof the flat-plate boundary-layersolutions obtained with the
k-w modelin the range of the hydrodynamicallysmooth rough-wall
BC:s for w.

Numerical Tools

Three numerical codes are used: GASP, EDDYBL.? and
CLIC2.” GASP solves the three-dimensional, compressible,
Reynolds-averagedNavier-Stokes equations. The convective fluxes
are computed to third-order accuracy using the Roe scheme and
the MUSCL reconstruction method with the Min-Mod limiter. The
viscous terms are evaluated by second-order central differencing.
EDDYBL and CLIC2 solve the compressible, two-dimensional,
laminar, transitional, and turbulent boundary-layerequations. Both
codes use an adaptive technique to generate the mesh so that the so-
lutions are always fully grid converged. GASP runs the rough-wall
BC for w, EDDYBL the smooth-wall BC, and CLIC2 can run both.
In the freestream the turbulent variables are chosen in the range
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where the solutions do not depend on them: the ratio of the tur-
bulent to the mean kinetic energy is below 0.1%, and the ratio of
the turbulent to the molecular viscosity is 0.001 with GASP and
EDDYBL, 0.1 with CLIC2.

Sensitivity of the k-w Solution to the Roughness Height

The sensitivity of the computed solutions to the value of the
roughness height k" is evaluated in the case of flat-plate bound-
ary layers under two differentconditions: 1) Mach number M, =4
and unit Reynolds number R, =26 x 10°® m™!, and 2) M, =2,
R, =30x10° m~!. In Fig. la the skin-friction coefficient, as ob-
tained in the Mach 4 case with different codes and BCs, is plotted
vs Ry (Ry = R, 0 where 0 is the momentum thickness of the bound-
ary layer). The solutions are fully grid converged. The van-Driest I
correlation® and the smooth-wall solutions obtained with EDDYBL
and CLIC2 are given for reference. The inflow condition to each
GASP computationis the GASP solution computed before with the
rough-wallBC and k} = 5 inalimited regionincludingthe flat-plate
leading edge. The level of the rough-wall skin friction decreases by
about 10% when k" decreases from 5 to 0.1, which is much more
than physically observed 3

As expected, when k" tends toward zero the rough-wall skin-
friction coefficient C(k, Ry) tends toward a limit, which is very
close to both smooth-wall boundary-layersolutions and to the van-
Driest II correlation. Therefore it is called the smooth-wall limit
Co(Rp). Let A, C be the deviation of the rough-wall skin-friction
coefficient from its limit value. Figure 1b shows the behavior of this
deviation as obtained for different conditions and solvers when k"
varies. Here again, only fully grid-converged solutions are consid-
ered. It is observed that the deviation varies linearly with k}:

C,(kF, R +
A,CfEM—lzi )
Cro(Ry) 100
and that ¢ dependsonly weakly on the Mach and Reynoldsnumbers:
c=18=£0.2.

Equation (2) says thatin orderto obtain a rough-wall skin-friction
coefficient as close as about 1% to the smooth-wall value for in-
stance, the roughness height must be less than 0.5 wall unit. How-
ever, the value of k] must be chosen with care because of the con-
secutive requirementon the grid, as shown in the following.
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Fig.1 Behavior of the grid-converged rough-wall skin-friction coeffi-
cient: a) effect of the roughness height k¥ (Mach 4 case) and b) deviation

of the skin-friction coefficient from the smooth-wall value for different
conditions and numerical codes.

Condition on the Grid to Avoid Spurious Solutions

For any fixed grid with at least two points in the viscous sublayer,
when k} is lowered from 10 to 0, the skin-friction coefficient de-
creases accordmg to the linearrelationship(2) as longas k" is above
a certain limit. Below this limit, the discrete solution d1verge§ as
illustrated in Fig. 2. The results obtained with GASP on two grids
are plotted, each grid having 120 cells inside the boundary layer and
a first cell height Ay, of 0.16 and 0.8 wall unit, respectively. Fig-
ure 2 shows that the skin-frictioncoefficient deviates from the linear
behaviorwhen k" is below about2Ay;" . The same limit is observed
on other grids in the range Ay, =0.05 — 2 and for the other con-
sidered conditions. Furthermore, Fig. 2 shows that the skin-friction
coefficient varies linearly with log(k;") when k} is below 2Ay;".

To explain the origin of this boundless departure, Fig. 3 is drawn:
here, the profiles of w are obtained for different values of k" with
GASP on a 120-cell grid with a first cell height of 0. 23 wall
unit. For reference the smooth-wall EDDYBL solution (circles),
the smooth-wall asymptotic behavior (solid line), and the rough-
wall asymptotic behaviors [rough-wall: Byw ~ w,, (1 + Cy)~2 with
BoC 2 =6v, /w,] (lines) are also plotted. For each value of k"
aboveabout0.5, the computed profile of w (symbols) is very close to
the expected asymptotic behavior (lines). However, for values of k"
below 0.5 the computed profiles diverge from the expected asymp-
totic behavior, and, even worse, values of @ much larger than the
smooth-wall limit are obtained. The grid is not fine enough to catch
the stiff behavior of w near the wall, and it results in a significant
and boundless decrease of the skin friction. This occurs approxi-
mately when k! is below 2Ay;". The same limit is observed with
the boundary- layercode CLIC2 as well. In this case, however, below
the limit the computation simply blows up, and no solution can be
obtained because of the growth of large instabilities. Consequently,
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Fig.2 Evolution of the skin-friction coefficient vs the scaled roughness
height k¥ on two fixed grids (Mach 4, Rg =8 x 10°).
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Fig. 3 Profiles of the specific dissipation in the viscous sublayer
(w* =vy,w/u?) with different BCs (Mach 4, Ry =8 X 10°, Ay} =0.23,
values reported at the center of the cells).
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Fig. 4 Deviation of the rough-wall skin-friction coefficient from the
smooth-wall value in function of the scaled height of the first cell of the
grid (Mach 4, Rg =8 x 10%).

the limit is the same for two different codes, both based on second-
order-accuratenumerical schemes. The behavior below this limit is
different, with the common point that none of them is desirable.

The precedingsectionshows thatthe grid-convergedskin-friction
coefficient behaves linearly with k£ in the range k} = 0 — 10. This
section shows that for a given k" the height of the first cell off the
wall mustbe at mostkf /2 in order to avoid a spurious solution. The
last question to address is how small the first cell height must be in
order to be close to the grid-convergedrough-wall solution.

Grid Convergence of the Rough-Wall
Boundary-Layer Solution

Figure 4 shows the behavior of deviation (2) for three values of
k} when the grid is refined near the wall. The symbols are the ac-
tual results of computations with GASP in the Mach 4 case for
Ry =8 x 10°. The lines are second-order polynomial fits of the
computed data. The gray zone represents the range +1% around
the smooth-wall grid-converged value C . It is obvious that the
smaller k", the larger the grid-sensitivity of the solution. The val-
ues of Cf (k+) reach the limit —1% to C o, when Ay1 ~k} /2. For
k below 0.5, the computed solution then stays in the 1% range
when the grid is further refined. However, for k" above 0.5 (see the
case k- =2 in Fig. 4), the skin-friction value goes on through the
=+ 1% range and reaches the significantly different grid-converged
value associated with k. In each case the 1% limit to the grid-
converged rough-wall eolutlon is reached when the first cell height
is about 0.2.

In Ref. 4 Menter proposes using the following rough-wall BC for
w: Bow, = 60v,,,/Ay12. This conditionis equivalentto the rough-wall
BC equation (1) if k, = /(NB,/60) Ay,, which correspondsto a ra-
tiok /Ay verycloseto 2 (1.94). As justnoted, this relation has the
exacteffect to keep the solution at the edge +1% of the smooth-wall
value C s forvaluesof k" between0-5 atleast: the grid-convergence
error compensates for the difference between the rough-walland the
smooth-wall values of the skin-friction coefficient.

Conclusions

The value of the skin-friction coefficient obtained on a flat plate
with the k—» model and the rough-wall boundary condition for @
is highly sensitive to the scaled roughness height k. This sensitiv-
ity, for k} below 5, is unphysical. When k" tends toward zero, the
grid-converged computed skin-friction coefficient tends toward the
smooth-wall value C s,. The deviation from C is directly propor-
tionalto k", with a very weak dependanceon the Mach and Reynolds
numbers. Namely, Cr(kt, Ry)/Cro(Rg) =1+ (1.8£0.2) kS /100.
This linear relationshipis not observed when the grid is too coarse
to capture the asymptotic behavior of w near the wall: with usual
second-ordernumerical methods the first cell height must be smaller
than k" /2 to avoid spurious or diverged solutions. The observa-
tion of the relation k" /Ay,” 22 in the range k;” = 0 — 5, as recom-
mended by Menter, is sufficient to avoid spurious solutions, but not
to get grid convergence.Quite surprisingly,the grid-convergenceer-
ror in the rough-wall solution yields almost exactly the smooth-wall
value of the skin friction. Finally, for the rough-wall skin-friction
coefficient to be as close as x% to the smooth-wall value in a grid-
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converged way, kI must be equal to x/2, and the first cell height
must be below the minimum of 0.2 and k" /2.
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Turbulent Flow of Power-Law
Fluids Through Circular Pipes
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Nomenclature
a = radius of pipe
F(tr) = nondimensional f(¢)
f = Fanning friction coefficient for pipes, r,,,/%p w2,
f@® = pressure gradient, —dp/dz
K = consistency index
K’ = [Bn+1)/4n]"K
L = section of pipe considered
! = l,/a
L = turbulent mixing length
n = power-law exponent
p = pressure
0 = volume flow rate, ma’w,,
R, = Reynolds number; Eq. (10b)
r = radial distance from the centerline
T = time used in nondimensionalization
T, = Reynolds averaged stress component
t = time
u, = friction velocity, (t,,/p)'/?
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